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In this paper, we study the model of the late universe with the homogeneous, isotropic and flat
Friedmann-Robertson-Walker metric, where the source of the gravitational field is based on the
fermion and boson field, with the Maxwell term FµνF
µν in four dimensions. The actuation of the
Maxwell term for the Einstein gravity makes it possible to find new approaches to solve the problem
of the observed accelerated expansion of the universe. Energy conditions have been obtained and
studied. These conditions impose very simple and model-independent restrictions on the behavior
of energy density and pressure since they do not require a specific equation of state of matter. To
consider the model, the energy conditions NEC, WEC, DEC are realized, and the SEC condition is
violated. The boson and fermion fields are responsible for the accelerated regime at early times, but
since the total pressure is tending toward zero for large times, a transition to a decelerated regime
occurs. Maxwell field is crucial only in the early times.
I. INTRODUCTION
A few decades ago, cosmologists were studying two
quantities: the current rate of expansion of the universe
H0 and the deceleration parameter q0. Until the end of
the 20th century, it was believed that these two quanti-
ties completely determined the final fate of the universe.
However, with the discovery of the accelerated expansion
of the universe in 1998 , views have completely changed.
It turned out that the main role is played by the third
quantity – dark energy. Dark energy (in its various man-
ifestations) finally balanced the energy balance, making
the total density of the energy content of the universe
equal to the critical density predicted by the theory of
inflation. Dark energy has negative pressure and, as a
result, causes an accelerated expansion of the universe.
Dark energy affects the past and future evolution of the
universe. In the case of a cosmological constant, mono-
tonic accelerated expansion occurs. For dynamic forms
of dark energy, a number of different scenarios are possi-
ble: Big Rip, Big Whimper, Big Decay, Big Crunch, Big
Brunch, Big Splat, etc. [1, 2].
Cosmologists still do not fully realize why the expan-
sion of the universe is accelerating. All doubts can be
eliminated by various checks of the kinematics of the ex-
pansion, based on physical mechanisms from different ar-
eas of physics. In case the fundamental conclusions about
the accelerated expansion of the universe turn out to be
erroneous, then the results obtained in different ways will
not coincide. At this stage of studying this issue, all
the various research methods lead to one conclusion: the
universe has entered a period of accelerated expansion
[1–31].
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The actuation of the electromagnetic field tensor Fµν
(Maxwell term) allows us to find new approaches to solv-
ing many problems of cosmology; for instance: the ob-
served the accelerated expansion of the universe.
In this article, we consider the effect of Einstein-
Maxwell gravity with g-essence. We have derived the
equations of motion. The solution of the model has been
plotted. As well, it is determined whether such a model
can describe the accelerated expansion of the universe.
II. MODEL EINSTEIN-MAXWELL GRAVITY
WITH G-ESSENCE
We consider the action of Einstein-Maxwell gravity
with a g-essence in four dimensions by
SfMg =
1
16πG
∫
d4x
√−g{R−FµνFµν+2K(X,Y, φ, ψ, ψ¯)},
(1)
where the covariant tensor of the electromagnetic field is
determined by the derivative of the 4-vector potential in
form
Fµν = ∂µAν − ∂νAµ (2)
and K is a function of its arguments, φ is a scalar func-
tion, ψ = (ψ1, ψ2, ψ3, ψ4)
T is a fermion function and
ψ¯ = ψ+γ0 is its conjugate function. Here
X = 0.5gµν∇µφ∇νφ, Y = 0.5i[ψ¯ΓµDµψ − (Dµψ¯)Γµψ]
(3)
are the canonical kinetic terms of the scalar and fermion
fields, respectively. ∇µ and Dµ are covariant derivatives.
It needs to be noted that the fermion fields are treated
here as classical commuting fields.
The ansatz solution for the Maxwell term is given by
the formula Aµ and is the function from t. Then
F01 = −F10 = A˙1, F02 = −F20 = A˙2, F03 = −F30 = A˙3,
(4)
2where the dot on top means the first derivative with re-
spect to time (all other components of Fµν are equivalent
to zero).
In general, the ansatz for the 4-vector potential is
Aaµ =
{
φ(t)δai , µ = i
0, µ = 0
. (5)
The cosmological principle which asserts that on a huge
scale the universe is homogeneous and isotropic. It allows
one of a huge number of models describing the universe to
choose a narrow class of homogeneous and isotropic mod-
els. The most common space-time metric consistent with
the cosmological principle is the Friedmann-Robertson-
Walker metric
ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2), (6)
where a(t) is a scale factor of the universe. In some sense,
the main task of cosmology is to find the dependence a(t).
For this metric, the equation (2) takes the form
FµνF
µν = (7)
2[g00g11(F01)
2 + g00g22(F02)
2 + g00g33(F03)
2] =
− 2
a2
[(A˙1)
2 + (A˙2)
2 + (A˙3)
2].
Then the action (1) in conjunction with equation (7) can
be written in the form
SfMg =
1
8πG
∫
d4x{−3aa˙2+a[(A˙1)2+(A˙2)2+(A˙3)2]+a3K}.
(8)
To find the dependence of the scale factor a(t) on time,
equations of motion and an assumption about the ma-
terial composition of the universe are necessary, which
allowing us to construct a pulse energy tensor. The
modification of general relativity or the introduction of
new components (the g essence, the Maxwell term Fµν)
changes the dependence of the scale factor on time, but
does not affect the relations between the kinematic char-
acteristics. In the case of the FRW metric (6), the equa-
tions of motion corresponding to the action (8) could be
written as
3H2 − ρ = 0, (9)
2H˙ + 3H2 + p = 0, (10)
A¨n +HA˙n = 0, (n = 1, 2, 3)(11)
KX φ¨+ (K˙X + 3HKX)φ˙ −Kφ = 0, (12)
KY ψ˙ + 0.5(3HKY + K˙Y )ψ − iγ0Kψ¯ = 0, (13)
KY
˙¯ψ + 0.5(3HKY + K˙Y )ψ¯ + iKψγ
0 = 0, (14)
ρ˙+ 3H(ρ+ p) = 0, (15)
where the expansion rate of the universe defined by the
Hubble parameter H = a˙
a
depends on time. The canoni-
cal kinetic terms of the scalar and fermion fields have the
following form
X = 0.5φ˙2, Y = 0.5i(ψ¯γ0ψ˙ − ˙¯ψγ0ψ), (16)
bouth the energy density and pressure of all components
represented in the universe at the considered moment of
time take the form
ρ = 2KXX+KY Y −K+ [(A˙1)
2 + (A˙2)
2 + (A˙3)
2]
a2
, (17)
p = K +
[(A˙1)
2 + (A˙2)
2 + (A˙3)
2]
3a2
. (18)
The equations (9)-(10) are Friedmann equations. The
equation (11) is an equation for the Maxwell term. The
equation (12) is the Klein-Gordon equation. The equa-
tions (13)-(14) are Dirac equations. The equation (15) is
a conservation equation. It follows from the Lorentz in-
variance of the energy-momentum tensor T µν,µ = 0 which
is the first law of thermodynamics for an ideal fluid with
constant entropy dE + pdV = 0. The equation (15) can
be obtained from the Friedmann equations (9)-(10).
In this article we consider the action of the g-essence
of (8) with
K = ǫX + σY − V1(φ)− V2(u), (19)
where u = ψ¯ψ, ǫ and σ some constants. Here we can note
that ǫ = 1 (ǫ = −1) corresponds to the usual (phantom)
case, then we can rewrite the system of equations (9)–
(15)
3H2 − ρ = 0, (20)
3H2 + 2H˙ + p = 0, (21)
A¨n +HA˙n = 0, (n = 1, 2, 3) (22)
ǫφ¨+ 3ǫHφ˙+ V1φ = 0, (23)
σψ˙ +
3
2
σHψ + iV
′
2γ
0ψ = 0, (24)
σψ˙ +
3
2
σHψ − iV ′2ψγ0 = 0, (25)
ρ˙+ 3H(ρ+ p) = 0, (26)
where
ρ = 0.5ǫφ˙2 + V1 + V2 +
[(A˙1)
2 + (A˙2)
2 + (A˙3)
2]
a2
, (27)
p = 0.5ǫφ˙2 − V1 − V2 + V
′
2u+
[(A˙1)
2 + (A˙2)
2 + (A˙3)
2]
3a2
.
(28)
Here the prime means the derivative with respect to u.
The total energy density of the sources of the gravi-
tational field can be represented as the sum of the three
contributions ρ = ρb+ρf+ρm, which are associated with
the scalar, fermion fields and Maxwell terms, respectively
ρb = 0.5ǫφ˙
2 + V1, (29)
ρf = V2, (30)
3ρm =
[(A˙1)
2 + (A˙2)
2 + (A˙3)
2]
a2
. (31)
In the same way, we can represent the total pressure of
the sources of the gravitational field as the sum of the
pressures p = pb + pf + pm associated with the scalar,
fermion fields and Maxwellian terms, respectively
pb = 0.5ǫφ˙
2 − V1, (32)
pf = −V2 + V
′
2u, (33)
pm =
[(A˙1)
2 + (A˙2)
2 + (A˙3)
2]
3a2
. (34)
From (22) we obtain the expression for the potential of
the 4-vector
A˙n =
b
a
, (n = 1, 2, 3) (35)
where b = const.
From the expressions (5) and (35) must be
An = φ, (36)
a =
b
φ˙
. (37)
Find all the necessary parameters in terms of a
ψl =
cl
a1.5
eiD(t), (l = 1, 2), (38)
ψk =
ck
a1.5
e−iD(t), (k = 3, 4), (39)
u =
c
a3
, (40)
V1 =
b2
a2
+ V10, (41)
V2 = − 3b
2
2a2
(
1 +
2
a2
)
+ 6
∫ (
a¨
a2
− a˙
2
a3
)
da, (42)
where cj obeys the following condition c = |c1|2+ |c2|2−
|c3|2 − |c4|2 and
D =
1
c
∫
(b2a+
4b2
a
+ 2a2a¨− 2aa˙2)dt. (43)
As an example, consider the case when the scale factor
changes according to a power law
a = a0(t− t0)n. (44)
Here a0, t0, n are positive constant parameters. For an
acceleratingly expanding universe, the condition n > 1
should be satisfied. The (20)-(26) system has the solution
φ =
b
a0(1− n) (t− t0)
1−n + φ0, (45)
ψl =
cl
a1.5
eiD(t), (l = 1, 2), (46)
ψk =
ck
a1.5
e−iD(t), (k = 3, 4), (47)
u =
c
a30(t− t0)3n
, (48)
where
D =
1
c
[ a0b2
n+ 1
(t− t0)n+1 + 4b
2
a0(1− n) (t− t0)
1−n(49)
− 2a
3
0n
3n− 1(t− t0)
3n−1
]
+D0.
For the metric (6) and the scale factor (44), we obtain
the scalar curvature
R = 6(H˙ + 2H2) =
6n(2n− 1)
(t− t0)2 . (50)
From (35) and the scale factor (44) we get an expres-
sion for the 4-vector potential depending on time
An =
b
a0(1− n) (t− t0)
1−n + φn, (n = 1, 2, 3). (51)
From (41) and (44) the scalar field potential in terms
of φ is
V1 = (1− n) 2nn−1
(a0
b
) 2
n−1
(φ− φ0) 2nn−1 + V10. (52)
From (42) and (44) the potential of the fermion field
in terms of u is
V2 = −3b
2
2
(u
c
) 2
3
(
1 + 2
(u
c
) 2
3
)
+ 3n2a
2
n
0
(u
c
) 2
3n
+ V20,
(53)
where V10 and V20 are integration constants and for them
the relation should be satisfied V10 = −V20.
Density of energy and pressure are
ρ =
3n2
(t− t0)2 , (54)
p =
n(2− 3n)
(t− t0)2 . (55)
FIG. 1. Energy density (54), (56), (57), (58) as a function of
time t (a0 = 2, b = 10, n = 2, V10 = 0).
Energy density of the scalar, fermion and Maxwell
fields
ρb =
3b2
2a20(t− t0)2n
+ V10, (56)
ρf = − 3b
2
2a20(t− t0)2n
(
1 +
2
a20(t− t0)2n
)
+
3n2
(t− t0)2 − V10,(57)
ρm =
3b2
a40(t− t0)4n
. (58)
Pressure of the scalar, fermion and Maxwell fields
4pb = − b
2
2a20(t− t0)2n
− V10, (59)
pf =
b2
2a20(t− t0)2n
(
1− 2
a20(t− t0)2n
)
+
n(2− 3n)
(t− t0)2 + V10,(6 )
pm =
b2
a40(t− t0)4n
. (61)
The transition accelerated can be better understood
when we plot the energy and pressure densities as func-
tions of time. These plots are shown in Figures 1 and 2.
The pressure of the scalar and fermionic fields is always
negative, while Maxwell pressure field is positive. The
total pressure is always negative, in order to understand
the accelerated transition we have to analyze the accel-
eration field using the equations (21) and (26), we have
a¨ = − 16 (ρ+3(pb+ pf + pm)) (we have chosen a = 1 with
t = t0). At early times Maxwell field was commensu-
rate with the scalar and fermion fields and slowed down
the accelerated expansion of the universe. At intermedi-
ate times, the density and Maxwell field become small,
and the situation arises when |pb + pf | > 13ρ+ pm which
leads to positive acceleration. The scalar and fermion
pressures are negative and responsible for the positive
acceleration, but they tends to zero with time behaving
as dust matter, which corresponds to a decelerated pe-
riod. We draw attention to the fact that the role of the
Maxwell field is important, since with an increase in its
value, the transition to the accelerated mode occurs at a
later times.
There are a number of different theoretical models that
describe the accelerating expansion of the modern uni-
verse. For these models, the phenomenological relations
p = ωρ between the pressure p and the energy density ρ
of each of the fluid components, where ω is the parame-
ter of the equation of state, or for brevity, the parameter
p
pb
pf
pm
pb+pf
2 4 6 8 10
t
-1.5
-1.0
-0.5
0.5
1.0
1.5
p
FIG. 2. Pressure (55), (59), (60), (61) as a function of time t
(a0 = 2, b = 10, n = 2, V10 = 0).
of state [6]. A component with a negative ω corresponds
to a dark energy. Modern experiments, including type
Ia supernovae [32–34], WMAP [35–38], indicate that at
present the dark energy state parameter is close to −1. In
particular, from the results of observations it follows that
with a probability of 0.95, the value of ω lies in the in-
terval ω = −0.980± 0.053. From the theoretical point of
view, the region mentioned above covers three essentially
different cases ω > −1, ω = −1 and ω < −1. The case
− 13 > ω > −1 is realized in quintessence models which
are cosmological models with a scalar field. These types
of models are quite acceptable, but the question of the
origin of this scalar field arises. To comply with astro-
nomical experimental data, the scalar field must be very
light and, therefore, not belonging to the field set of the
Standard Model. The case ω = −1 is described by using
a cosmological constant. This scenario is admissible from
a general point of view, but there is a problem associated
with the order of magnitude of the cosmological constant
[19, 20, 39]. Phantom matter corresponds to a region of
space with the parameter ω < −1, where the scalar field
has a negative kinetic energy [6, 7]. Although the matter
of this form is currently consistent with observations, the
origin of such a scalar field with unusual kinetic energy
is not clear. On the other hand, it has been recently ob-
tained that the phantom field is not necessarily scalar, it
can also have vector or tensor degrees of freedom [12, 40].
In the model the equation of state parameter is
ω =
p
ρ
= −1 + 2
3n
. (62)
The obtained state parameter corresponds to modern ob-
servational data.
The components of the energy-momentum tensor Tµν
are subject to constraints that follow from the energy
conditions. From these so-called energy conditions, dy-
namic model-independent constraints on the kinematics
of the universe can be obtained. When we are choosing a
medium model, these conditions can be transformed into
inequalities that impose restrictions on the possible val-
ues of pressure and density of the medium. In cosmology,
energy conditions are very important, which in our case
have the form [1], [6]
NEC ⇒ ρ+ p ≥ 0, (63)
WEC ⇒ ρ ≥ 0, ρ+ p ≥ 0, (64)
SEC ⇒ ρ+ 3p ≥ 0, ρ+ p ≥ 0, (65)
DEC ⇒ ρ ≥ 0,−ρ ≤ p ≤ ρ. (66)
Here NEC, WEC, SEC and DEC, respectively,
are null, weak, strong and dominant energy condi-
tions. These conditions impose very simple and model-
independent limitations on the behavior of the energy
density and pressure, since they do not require a definite
equation of state of matter. Thus, bu using the energy
conditions, it is possible to explain the evolution of the
universe using general principles [1, 6].
5Since we are considering the model of a flat universe
with the FRW metric, we can convert the conditions
(63)–(66) into constraints on the deceleration parame-
ter q, which is a dimensionless measure of the cosmic
acceleration of space expansion
NEC ⇒ q ≥ −1, (67)
SEC ⇒ q ≥ 0, (68)
DEC ⇒ q ≤ 2. (69)
The condition WEC is always satisfied for arbitrary real
a(t).
For q > 0, the universe expands slowly. For q < 0 the
universe expands at an accelerated rate. The condition
NEC (67) has a fairly transparent meaning. Accelerated
expansion of the universe is possible only in the presence
of components with a large negative pressure p < − 13ρ.
The SEC energy condition (68) excludes the existence of
such components. Hence in this case q ≥ 0. But the
conditions of NEC (67) and DEC (69) are compatible
with the condition p < − 13ρ, so they admit regimes in
which q < 0 [1].
We are considering the model, where the deceleration
parameter is
q = − a¨a
a˙2
= −1 + 1
n
. (70)
For the energy density (54), the pressure (55) and the
deceleration parameter (70), the energy conditions NEC,
WEC, DEC are fulfilled and the SEC condition is not
fulfilled. In equation (70) q < 0 by n > 1 therefore,
our model describes the accelerated expansion of the uni-
verse.
The jerk parameter j characterizes the rate of change
of the acceleration of the universe expansion
j =
...
a a2
a˙3
= 1− 3
n
+
2
n2
. (71)
As can be seen from equation (71), the jerk parameter of
our model corresponds to the latest observational data
[32–38].
III. THE AGE OF THE UNIVERSE IN
EINSTEIN-MAXWELL MODEL WITH
g-ESSENCE
The deceleration parameter as a function of n is there-
fore given by (70). The condition for acceleration is
q(n) < 0, thus we have n > 1. As it can be seen, for
n → ∞ we have q → −1, that is the universe finally
approaches the eternal de Sitter phase with infinite ac-
celeration, however, the accelerated expansion occurs in
1 < n <∞.
We consider the accelerated expansion of the universe
in the context of Einstein-Maxwell model with g-essence.
Lets then start from equation (70) and q(z) = 1+z
H
dH
dz
−1,
find the Hubble parameter as a function of the redshift
z as
H(z) = nH0(1 + z)
1
n , (72)
where a0/a = 1+z with a0 andH0 being the values of the
parameter at the present epoch. Within the flat universe,
dark energy picture, to the Friedmann equations give the
expansion rate as [41]
H2(z)/H20 = Ωm(1 + z)
3 + δH2/H20 , (73)
where now we encapsulate any modification to the Fried-
mann equation of general relativity in the last term,
Ωm = ρ/ρ0c, ρ0c = 3H
2
0 . Also, defining the effective
EOS, denoted by w
eff
(z), as
w
eff
(z) = −1 + 1
3
d ln δH2
d ln(1 + z)
, (74)
we can calculate w
eff
(z) using equations (72), (73) and
(74) with the result
w
eff
= −1 + 1
3
n
2 (1 + z)
2
n − 3Ωm(1 + z)3
n2(1 + z)
2
n − Ωm(1 + z)3
. (75)
For n = 2 and Ωm = 0.33 we have weff / −1, which is
the characteristic of one type of dark energy, the so-called
phantom and from equation (75), for n→ +∞, we have
w
eff
→ −1.
To continue we consider the age of the universe in
Einstein-Maxwell model with g-essence. Thus, the age
of the matter dominated Universe in FLRW models is
given by
t0 =
2
3
1√
ΩΛ
H−10 sinh
−1
√
ΩΛ
Ωm
, (76)
considering Ωm +ΩΛ = 1 and inverse hyperbolic sine we
get
t0 =
2
3
1√
1− Ωm
H−10 ln
[
1 +
√
1− Ωm√
Ωm
]
(77)
where H−10 = 9.8 × 109h−1 years and the dimension-
less parameter h, according to present data, is about
0.7. Hence, in the flat matter dominated universe with
Ωtotal = 1 the age of the universe would be only t0 =
2
3H
−1
0 = 9.3 Gyr. This value, even taking into account
the uncertainty in the measurement of H0, contradicts
the independent restrictions on the age of the universe
∼ 13.5 Gyr [42]. We obtain the age of the universe by
taking matter in the Friedmann equations as follows
t0 = n
1√
1− Ωm
H−10 ln
[
1 +
√
1− Ωm√
Ωm
]
. (78)
For a flat, matter dominated Universe with Ωm = 0.33
and n = 23 we have a prediction for the age of the Uni-
verse of about 13.2 Gyr. It seems that the age of the
universe in our model is longer than the FLRW model.
Figure 3 shows the behavior of the age parameter, t0, as
a function of Ωm for different values of n.
6FIG. 3. t0 as a function of Ωm for n = 2/3 (solid line), n = 1
(dashed line) and n = 2 (dotted line). Figure shows that for
a fixed value of Ωm the predicted age of the universe is longer
for larger values of n.).
IV. CONCLUSION
Thus, we have considered the model of Einstein-
Maxwell gravity with g essence in four dimensions to-
gether with a homogeneous, isotropic and flat Friedman-
Robertson-Walker universe. For this model, we have
found the power solution, reconstructed the scalar and
fermion potentials, and studied the energy conditions.
Also, the energy conditions NEC,WEC, DEC are fulfilled
and the SEC condition is not fulfilled for this model. The
parameter of the equation of state ω, the deceleration pa-
rameter q and the jerk parameter j are found, the values
correspond to the accelerated expansion of the universe
for n > 1.
In the model under consideration, bouth boson and
fermion fields have a negative pressure, and the Maxwell
field has a small positive pressure. In the early epoch, the
boson and fermion fields are responsible for the acceler-
ated mode, however, when the total pressure is tending
toward zero at a later time, the transition to the slow
mode occurs. Maxwell field is important only in the early
era.
Based on the proposed model, we analyzed the age
of the universe. For the fixed value of Ωm, the age of
the Universe depends on n. According to observational
data, the age of the universe should be∼ 13.5 Gyr., which
corresponds to n = 23 , and in our model for the realization
of the possibility of accelerated expansion of the universe,
the condition n > 1 must be satisfied. Thus, the age
of the universe of the investigated model is more than
∼ 13.5 Gyr.
The study of various models of cosmological accelera-
tion leads to the same conclusion. The more there are
these models, the quicker one of a model will be possi-
ble to choose, which is the most adequate one when new
observational data would be received.
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